Graphene Landau levels have discrete energies consisting zero energy chiral states and non-zero energy states with mixed chirality. Each Landau level splits into discrete energies when a localized potential is present. A simple scaling analysis suggests that a localized potential can act as a strong perturbation, and that it can be even more singular in graphene than in ordinary two-dimensional systems of massful electrons. Parabolic, Coulomb, and Gaussian potentials in graphene may have anomalous boundstates whose probability density has a sharp peak inside the potential and a broad peak of size magnetic length outside the potential. The n = 0 Landau level with zero energy has only one anomalous state while the n = ±1 Landau levels with non-zero energy have two (integer quantum number n is related to the quantized Landau level energies). These anomalous states can provide a new magnetospectroscopic feature in impurity cyclotron resonances of graphene. In the present work we investigate quantitatively the conditions under which the anomalous states can exist. These results may provide a guide in searching for anomalous states experimentally.
INTRODUCTION
A localized potential 1 with a range R can interact with a magnetic field in an unexpected way in graphene. It splits degenrate LL energies into discrete energies, as shown in Figure 1 , and can lead to formation of anomalous boundstates whose probability density has a sharp peak with a width R inside the potential and a broad peak of size magnetic length ( = 25 66 B T −1/2 [nm]) outside the potential. There is a competition between these two length scales R and : the probability density peak inside the potential is strong in the regime R/ < 1 (in the limit R/ → 0 it diverges), but small in the regime R/ > 1. The probability density of an anomalous state of a cylindrical potential is shown as dotted line in Figure 2 . These states are present in various potentials: regularized Coulomb, 2 3 parabolic, [4] [5] [6] and finite-range potentials. [7] [8] [9] Solutions of these potentials have several unusual features not present in the case of massful electrons. A simple scaling analysis 10 suggests that a localized potential V r can act as a strong perturbation, and that it can be even more singular in graphene than in ordinary two-dimensional systems of massful electrons: the kinetic term of the Dirac * Author to whom correspondence should be addressed.
Hamiltonian scales as 1/r while the potential term scales as 1/r and 1/r 2 for Coulomb and Gaussian short-range potentials, respectively. For massful electrons kinetic term scales as 1/r 2 . The potential is comparable to or weaker than the kinetic term. The other unusual feature is that the bulk n = 0 Landau level (LL) states are all chiral (onecomponent wavefunction) while the states of other LLs are nonchiral (two-component wavefunction). As a consequence, the n = 0 LL has only one anomalous state while n = 1 LL has two (see Section 2 below). The optical transitions originating from these states are depicted in Figure 3 . Kim, Yang, and MacDonald 11 have proposed that these anomalous states can provide a new magnetospectroscopic feature in impurity cyclotron resonances 12 13 of graphene.
In the present work we investigate when these anomalous states are well-defined. We determine their stability region in the parameter space V I /E M R/ , where V I /E M is the dimensionless strength of the potential (E M = v F / is the energy scale associated with graphene LLs) and R/ is the dimensionless characteristic length scale of the anomalous peak. These results may provide a guide in searching for anomalous states experimentally. 
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EIGENSTATES OF LOCALIZED POTENTIAL IN MAGNETIC FIELDS
To investigate when the anomalous states are well-defined we solve the Dirac equations in a magnetic field. A Dirac electron 14 15 moving in a rotationally invariant, localized, and smoothly varying potential V r is described by the Hamiltonian
where = x y and z are Pauli spin matrices, p is two-dimensional momentum, and B is a magnetic field applied perpendicular to the two-dimensional plane (the vector potential A is given in a symmetric gauge). The shape of V r can be parabolic, Coulomb, and Gaussian. A rotationally invariant localized potential splits degenerate LLs of graphene, see Figure 3 . As a simple model of the confining potential it is convenient to choose the cylindrical potential where R is the radius of the cylinder. The advantage of this model potential is that it can be solved exactly in the presence of a magnetic field and solutions are qualitatively similar to those parabolic, Coulomb, and Gaussian potentials.
In the presence of a rotational invariant potential the eigenstates of the nth LL have the form 
where half-integer angular momentum
is a good quantum number. An eigen wavefunction consists of A sublattice and B sublattice radial wavefunctions n A r and n B r with channel angular momenta J − 1/2 and J + 1/2, respectively. In the absence of V r eigenenergies form degenerate Landau level (LL) energies E M n . They split into discrete energies when V r is present, see Figure 3 , and can form true boundstates with real energies 4 7 in contrast to the case of no magnetic field. The radial wavefunctions 7 16 of the nth LL are given by 
STABILITY REGION OF ANOMALOUS STATES
The eigenstate −1/2 0 r of the 0th LL is defined to be anomalous when its probability density at r = 0 is greater than the corresponding value in the absence of the localized potential. Note that for n = 0 only 
The region of the parameter space V I /E M R/ , where the anomalous states are well-defined, 8 9 is displayed in Figure 4 for repulsive and attractive potetnials. For the n = 0 LL the stability region is identical for both repulsive and attractive potetnials, see Figure 4 (a). However, for the n = 1 LL they are different, see Figures 4(b) and (c) . Note that as the length ratio R/ → 0 the stability range increases since the possible range of V I /E M increases. Note that under the transformation V r → −V r the induced density is invariant, 8 9 and this is why one can have a positive induced density near the origin for the n = 0 LL even for a repulsive potential.
OPTICAL TRANSITION MATRIX ELEMENTS
The optical matrix element between the relevant anomalous states can be expressed in terms of the corresponding radial wavefunctions (see Eq. (3))
Here we assume that photons are polarized along x-axis, and the optical matrix elements are computed using the current operator j = v F . The optical matrix elements satisfy the selection rules with the change of LL index n = 1 and change of angular momentum J = 1, and the relevant single-particle optical transitions are of the type 0 J → 1 J + 1 . In order to understand why this optical matrix element can be small the radial wavefunctions Table I for varies values of V I /E M R/ . The optical transitions involving the anomalous states are denoted by J J = 1/2 −1/2 and −1/2 −3/2 . The dependence of the transition matrix elements on the parameters V I /E M R/ is non-trivial. Note that they depend significantly on the ratio R/ , i.e., on magnetic field. 
CONCLUSION
Anomalous states, i.e., states with positive induced densities, play an important role in determining the magnetospectroscopic properties of an impurity in graphene. We have computed the optical matrix elements involving the anomalous states, and have shown that they are unusually small. In the present work we have investigated the region in the parameter space V I /E M R/ where the anomalous states are well-defined and stable. These anomalous results provide a new magnetospectroscopic feature in impurity cyclotron resonances of graphene. 11 Our results may provide a systematic guide in choosing the optimal values for which the anomalous states may be observed optically. It would be interesting to observe the magnetospectroscopic features of anomalous states.
